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I. Introduction 
The considerations of this paper are centered around the following: 
X, a compact Hausdorff space; L(X), the lattice of all real-valued con-
tinuous functions defined on X with the partial ordering defined in the 
usual way; @, the class of all real-valued lattice homomorphisms defined 
on L(X), that is, @ is the class of all maps cp : L(X) --7> R (where R is 
the set of all real numbers) such that cp(f v g) = cp(f) v cp(g) and cp(f /I g) = 
=cp(f) /I cp(g), where v, /I denote maximum, minimum respectively. 
For any point Xo in X and any nondecreasing function lXo : R --7> R, 
it is easy to verify that cp, defined by 
cp(f) = lXo(f(xo)), 
is a lattice homomorpism defined on L(X). On the other hand (as we will 
show), if cp E @, then cp need not be of the form (t) for some x E X and 
some nondecreasing function lX : R --7> R. Hereafter, we will refer to the 
representation (t) as a trivial representation at Xo. 
The principal objectives of this paper are to determine when every 
homomorphism cp in @ has a trivial representation, and, secondly, to 
try to find some form of representation for every cp in @. 
2. The Finite Oase 
To accomplish the first objective, we intend to show after several 
lemmas the 
Theorem A: Every homomorphism cp in @has a trivial representation 
at some point if, and only if, X is finite. 
Let us denote by r the function in L(X) defined by r(x)=r for each 
x in X, and consider an arbitrary cp in @. We then have 
Lemma 2.1. cp has a trivial representation at Xo if, and only if, 
for any t, g E L(X), t(xo) = g(xo) implies cp(f) = cp(g). 
1) The authors were supported in part by a National Science Foundation Grant 
No. GP-1843. 
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Proof. Necessity is obvious. Oonversely, let Xo be a point in X such 
that I(xo) = g(xo) implies that rp(f) = rp(g). 
Define <X : R --+ R by <x(r) = rp(r) for each r in R. Hence, for any IE L(X), 
I(Xo)=8=S(Xo) for some 8 ER. Then, rp(f) =rp(s) = <x(f(xo)). 
Now suppose that rp is a nonconstant homomorphism in (]J and that 
r is a real number such that there are 1', g' EL(X) with rp(f') <r<rp(g'). 
Then, there is a point Xo in X such that, if I(xo) <g(xo) and rp(g) <r for I, 
g E L(X), then rp(f) <r. Otherwise, for each x E X there are functions 
Iz,gz in L(X) with Iz(x) <gz(x), rp(gz)<r, but rp(fz»r. Letting U(x)= 
= {y : Iz(Y) <gz(Y)}, we have that {U(x) : x E X} is an open covering of X. 
Oonsequently there exists a finite sub covering, say Ul, U2, ... , Un, such 
that to each Uk (1 < k<n), there correspond /k, gk E L(X) with Ik(X) <gk(X) 
for each x in Uk, rp(gk)<r, but rp(/k»r. If f*=/1 11/2 II ... II In and 
g* = gl V g2 V .•• V gn, we conclude that rp(g*) < r < rp(f*) which is impossible 
since f* < g* . 
Moreover, the point Xo is unique. Otherwise, if x' is a second point 
with this property, then there is a function hE L(X) such that h(xo) <I'(xo) 
and h(x'»g'(x'). It follows that rp(h)<r so that rp(g')<r which is a con-
tradiction. 
For any other real number, say 8, we can deduce that, if I(xo) <g(xo) 
and rp(g) <8, then rp(f) <8. Oonsider the case when r<8. Let h be a function 
in L(X) such that rp(h) > 8. (If no such function exists, the conclusion is 
immediate.) Repeating the above steps for 8, we obtain the existence 
of a (unique) point Xl such that I(Xl) < g(Xl) and rp(g) < 8 implies that 
rp(f)<8. If XOoiXl, there is a function h' EL(X) such that h'(xo)<I'(xo) 
and h'(Xl»h(Xl). It follows that rp(h')<r<8 so that rp(h) <8 which is a 
contradiction. The result follows similarly when r>8 2). 
From these remarks it is not difficult to show 
Lemma 2.2. If rp : L(X) --+ R is a non constant homomorphism, 
then there is a unique point Xo in X such that, if I(xo) <g(xo) for any I, 
g E L(X), then rp(f) < rp(g). In this case, we say that rp is a880ciated with Xo. 
In addition, we can obtain an equivalent statement in 
L e m m a 2. 3 . rp is associated with Xo if, and only if, when f/ U = g / U 
for any I, g E L(X) and some neighborhood U of Xo, then rp(f) = rp(g). 
We now give a proof of Theorem A. Sufficiency follows easily from 
the preceding lemmas. Let X be finite and rp : L(X) --+ R be any lattice 
homomorphism. If rp is constant, then the conclusion is obvious. Otherwise, 
rp is associated with a unique point Xo in X. Oonsequently, if I(xo) = g(xo) 
for any I, g E L(X), then I and g agree on a neighborhood of Xo so that 
by Lemma 2.3, rp(f)=rp(g). From Lemma 2.1, rp has a trivial representation 
at Xo. 
Necessity is shown by contraposition. If X is infinite, there is an 
2) This construction follows that which was given by I. KAPLANSKY in [1]. 
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infinite sequence {Gn : n= 1,2, ... } of mutually disjoint nonempty open 
sets in X. For each n, choose pn E Gn and In in L(X) such that In : X --+ [0, 1] 
with In(Pn) = 1 and In(x)=O for each x EX\Gn. Let Hn={x: In(X»1/2}. 
Now, let 
00 
J={g EL(X) : there is k such that g(x»O for x E U Hn} 
n~k 
00 
and I = {I E L(X) : there is k such that I(x) < ° for x E U H n}. 
n~k 
A direct verification shows that I is an ideal in L(X) and J is a disjoint 
dual ideal. Thus, there is a prime ideal P in L(X) such that I c: PC: L(X)\J. 
(This follows by considering {1' : l' is an ideal with I c: l' and l' n J = 0} 
and then applying Zorn's Lemma.) Now define T : L(X) --+ R by 
{a, if I EP; 
T(f) = 1, if I <t P. 
From Lemma 2.1 it follows that T does not have a trivial representation. 
To see this, consider any point x' in X. If x' E Gk for some k, then there 
is a function g E L(X) with g(x') = ° and g(x) = 1 for x E U Hn (since 
00 00 n~ 
U Hn n Gk =0). If x' <t U Gn, set g(x)= ~ (l/2n) In(x) so that g(x')=O 
n*k 00 n~l n~l 
and g(x»O for x in U Hn. In either case, g EJ and I _ -g belongs to I. 
Consequently, I(x') = g(x') but T(f) of- T(g); that is, T does not have a 
trivial representation at any point of X. 
We observe that in the proof of sufficiently we could have replaced R 
by an arbitrary chain 0 which gives 
Corollary 2.4. If X is finite and L(X,O) is the lattice of all 
continuous functions from X to an arbitrary chain 0, then every lattice 
homomorphism T : L(X, 0) --+ 0 has a trivial representation at some 
point of X. 
3. A More General Representation 
Suppose that X, or more precisely (X, ;t) where ;t is the topology on 
X, is an infinite compact Hausdorff space. Denote by Xo the space 
consisting of the same set X along with the discrete topology. Let (3Xo 
be the Stone-Cech compactification of Xo. 
Consider an arbitrary point po E (3X and some function ex : R --+ R. 
Now ex 0 I for any IE L(X) is a continuous function defined on Xo so 
that, if it is bounded, it admits a continuous extension IIX * : (3Xo --+ R. 
In this case, define T;o,cr.(f) = I!(po), 
It follows immediately 
Corollary 3,1. If r is any constant function in L(X), then for any 
p E (3Xo and any ex : R --+ R, T:,cr.(r) is always defined and T:,cr.(r)=ex(r). 
Our interest in the mapping T:,cr. is given in 
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Theorem B: q;;.", is a well-defined lattice homomorphism on L(X) 
if, and only if, ex is nondecreasing. 
Proof. Necessity follows directly by considering constant functions 
and using the preceding corollary. Conversely, if ex is nondecreasing, then 
ex 0 t[X] is bounded in R since t[X] is compact. Hence, ex 0 t always 
admits a continuous extension t! : flXo --+ R so that q;;.", is well-defined. 
Moreover, for any t, g E L(X) and x EX 
(f /I g)!(x) = ex((f /I g) (x)) = ex (f(x)) /I ex(g(x)) = t!(x) /I g!(x). 
Since X is a dense subset of flXo, we conclude that (f /I g)!(p) = t!(p) /I g!(p) 
for every p E flXo, and, thus, q;;jf /I g) = q;;.",(f) /I q;t.",(g). Similarly, we 
can show that q;;.",(f v g) = q;;.",(f) v q;;.",(g). 
Any homomorphism cp in (jJ such that q; = q;; •. "" for some po E flXo and 
some nondecreasing ex : R --+ R is said to have a (*)-representation. It is 
easy to see that any homomorphism, admitting a trivial representation, 
admits also a (*)-representation. A natural question is whether every 
homomorphism with a (*)-representation must also have a trivial 
representation. 
Before investigating this question, we make a brief digression to obtain 
some useful information. Let i : X --+ X be the function defined by 
i(x) =X for each x in X. Since this function is continuous on X o, it admits 
a continuous extension i* : flXo --+ X. In addition, if g is any function 
in L(X), then g admits a continuous extension g* : flXo --+ R. Since g* 
and go i* are continuous on flXo with g* IX =g 0 i* IX, we have 
Lemma 3.2. If po is any point in flXo, then there is a unique point 
Xo in X such that g*(Po)=g*(xo) for any g in L(X); moreover, xo=i*(po). 
Also, we can show 
Lemma 3.3. For any p EflXo and any nondecreasing function 
ex : R --+ R, q;;.", is associated with i*(p), where i* is the extension of 
the identity function on X as defined above. 
Proof. Consider p' E flXo. Let x' =i*(p/) and f, g be any functions 
in L(X) with flU =g/U for some (open) neighborhood U of x'. By con-
tinuity of i*, there is an open set G in flXo containing p' such that 
i*[G] h U. Consequently, f!(x)=g!(x) for each x EG () X. It follows that 
(f!-g!)(p/) E (f!_g!}[GIlX.] h U:-g:)[G () X]={O}. 
We conclude that q;;,.",(f)=q;;,.",(g), and, hence, from Lemma 2.3 q;;,.", 
is associated with i*(p/). 
Now, let us return to the main considerations. If ex : R --+ R is non-
decreasing and continuous, and p is any point in flXo, then q;;.",(f) = 
=t:(p)=t:(xo)=ex(f(xo)) for any t in L(X). Thus, we have 
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Theorem C: If IX is nondecreasing and continuous, then for any 
p E j3Xo, tp;.<x has a trivial representation. 
We remark that, if p E X, then tp;.", obviously has a trivial representation 
for any nondecreasing IX : R --+ R. It remains to consider the case when 
IX is not continuous and p is an arbitrary point in j3Xo. We first make 
some definitions. For any p E j3Xo, Xo E X is remote to p iff there is a 
neighborhood N of p in j3Xo and f E L(X) such that f0!) =f f(xo) for each 
x EN n X. For each x E X, let Ax= n ~x, where ~x= {Glixo : G is a closed 
G6-set in X containing x}. 
An easy consequence is 
Corollary 3.4. A x\X=0 if, and only if, {x} is a G6-set in X. 
Proof. Sufficiency is apparent since {x} belongs to ~x. Conversely, 
suppose that {x} is not a Go-set. If G is a closed G6-set in X containing x, 
then G must be infinite. It follows that G is not compact in j3Xo, and 
(JIiXo\X =GIiXo\G is a nonempty closed set in j3Xo. Hence, ~x' = {GIiXo\X : G 
is a closed Go-set in X containing x} is a class of nonempty closed sets in 
j3Xo with the finite intersection property. Thus, Ax \X = n ~x' =f 0. 
We now show the main theorem of this section, 
Theorem D: If IX is nondecreasing and discontinuous, then the 
following statements are equivalent: 
(a) tp;'.<x has a trivial representation at x'; 
(b) p' belongs to Ax'; 
(c) x' is not remote to p'. 
Proof. Since IX is discontinuous at some point, say r', in R, suppose 
that there exists some 15 > 0 such that IX(r):> IX(r') + 15 for every r> r'. 
(The alternative discontinuity can be handled analogously.) 
(a) implies (b). Suppose that p' ¢ Ax" that is, there is Go, a closed 
G6-set in X such that x' E Go, but p' ¢ Glixo. Hence, there is N, an open 
neighborhood of p' in j3Xo, and f in L(X) such that N n Go = 0 and f(x) = r' 
for xEGo; f(x»r' for x¢Go. Hence, tp;,jf)=f!(p') Ef![NnXIiXo]C 
Cf![NnX]C[IX(r')+15, +CXl). Now f(x')=r'=r'(x'), but tp;,.<x(r')= 
IX(r') < tp;,.<x(f). Hence, by Lemma 2.1 tp;'.<x does not have a trivial 
representation at x'. 
(b) implies (c). If x' is remote to p', then there is N, a neighborhood 
of p' in j3Xo, and f E L(X) such that f(x) =f f(x') for every x EN n X. 
Letting Go = {x EX: f(x) = f(x')}, we have that p' ¢ Ggxo. Otherwise, 
choose Xo EN n Go so that f(xo) = f(x') which is impossible. We conclude 
that p' ¢ Ax" 
(c) implies (a). Suppose that x' is not remote to p', and consider tp;'.<x' 
Let f be any function in L(X) and 8> 0 be arbitrary. Since f! is continuous 
on j3Xo, there is a neighborhood N of p' in j3Xo such that I f!(p') - f!(p) 1< 8 
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for every pEN. By hypothesis there is x" EN () X such that I(X") = I(x'). 
Hence, 
I If;'. ,,(f) - <x(f(x'»1 = It:(p') - t!(X") 1< e 
so that If;,.,,(f) = <x(f(x'». This completes the proof of Theorem D. 
A space X is a Go-space iff {x} is a Go-set for each x EX. From Theorem D 
and Corollary 3.4, we have 
Corollary 3.5. X is a Go-space if, and only if, for any p E (3Xo\X 
and any nondecreasing, discontinuous function <x: R --+ R, If;." does 
not have a trivial representation. 
This answers a question which was raised earlier in this section, namely, 
that which asked whether every homomorphism with a (*)-representation 
has a trivial representation. We conclude that there are spaces such that 
for any point p E (3Xo \X there is a homomorphism If;." which does not 
have a trivial representation. Hence, we ask the question: Is there a 
space X such that for every point p E (3Xo, If;." always has a trivial 
representation? Or, by application of Theorem D, is there a space X 
such that (3Xo = U {Ax: x EX}? This question is answered negatively in 
Corollary 3.6. If 0 is any countably infinite subset of X, then 
Cf3Xo\O=l0 and (Cf3xo\O) () Ax=0 for each x EX. 
Proof. Suppose that 0= {Cl' C2, •.• }. As before, since 0 is infinite, 
it is not compact in (3Xo so that Cf3xo\O=l0. Now, consider any x EX. 
For each Cn in 0, Cn =I x, there is F n, a closed Go-set in X such that 
x E Fn and Cn 1= Fn. Hence, F= n {Fn : n= 1,2, ... ; cn=lx} is a closed 
Go-set inX containing x,andF ()oe {x}. It follows thatFf3XO() (O\{x})PXo = 0. 
Finally, (CPXo\O) () Ax e (O\{x})Ilxo () Ax e (O{x})f3Xo () Ff3xo=0. 
Thus, for any infinite space X there always exists a homomorphism, 
defined on L(X), which has a (*)-representation, but does not have a 
trivial representation. This offers an alternative proof for the necessity 
in Theorem A, namely, if every homomorphism If in (j) has a trivial 
representation, then X is finite. 
We remark that, in the case of ring homomorphisms, a construction 
of this kind (i.e., a homomorphism If;.", where p E (3Xo and <X : R --+ R 
is a ring homomorphism) does not yield any new homomorphisms. 
4. A Representation lor (j) 
The set of all homomorphisms with a (*)-representation may not 
constitute the class (j) of all (real) homomorphisms. Before demonstrating 
this (in Theorem E), we establish some preliminary information. For 
I, g E L(X), t ~ g iff t(x) is strictly less than g(x) (f(x) <g(x» for every 
x EX. A lattice automorphism () : L(X) --+ L(X) is distinguishing iff, 
when ()(f) ~ ()(g) for t, g E L(X), then I ~ g. A homomorphism If in (j) 
is continuous iff, when {In} is a sequence in L(X) which converges uniformly 
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to I (in the usual sense for real-valued functions), denoted In =t I, then 
cp(fn) converges to CP(f) (cp(/n) --+ cp(/)). 
We show a useful equivalence in 
Lemma 4.1. A lattice automorphism 0: L(X) --+ L(X) is dis-
tinguishing if, and only if, In =t I implies that O(/n) =t O(f). 
Proof. Necessity is shown by contraposition. Suppose that 0 is a 
distinguishing automorphism and that In =t I for {In}, I in L(X), but 
not O(/n) =t 0(/). It is no restriction to suppose that II;;. /2"> ... ;;. In;;' ... 
so that 0(/1);;' 0(/2);;' .... Then, there is a point x' E X such that (OUn»)(x') > 
> (O(f»(x')+e for some positive real number e and every n. Let f' =0(/)+£. 
By hypothesis we conclude that f ~ 0-1(f') so that for some index 
k, I(x) <'/k(x) <, (O-l(f'»)(X) for every x EX. Thus, O(hc) <,0(0-1(/')) = f' which 
is a contradiction. 
Conversely, consider arbitrary I, g E L(X) such that not I ~ g, that is, 
A={x: g(x) <,/(x)} is nonempty. Letting In=l+lln, we have that In=tl 
and, hence, O(/n) =t 0(/). For each index n, In(x»g(x) for every x EA so 
that not O(fn) <,O(g). Since 0(/1);;' 0(/2);;' ... ;;. O(/n}~ ... ;;. 0U}, there is a 
point x" E X such that (OUn»)(x");;. (O(g})(x") for every n. We conclude that 
(O(f»(x");;. (O(g»)(x"), and, thus, not 0(/) ~ O(g). This completes the proof 
of the lemma. 
An easy consequence of Theorem C is 
Lemma 4.2. If cp E f/J has a (*)-representation and is a mapping 
onto the reals, then cp is continuous. 
Proof. Suppose CP=CP;'.IX for some p' E {3Xo and some nondecreasing 
function .x : R --+ R. Since cp is an onto-map, .x[R] must be dense in R. 
But, IX is nondecreasing and, hence, continuous. According to Theorem C, 
cp has a trivial representation from which it follows that cp is continuous. 
In addition, we have 
Lemma 4.3. If cp E f/J is continuous, then cp has a trivial representa-
tion. 
Proof. Suppose that cp is a nonconstant homomorphism in f/J (other-
wise, the conclusion is obvious). Then, from Lemma 2.2 cp is associated 
with a unique point Xo in X. It remains to show only that cp has a trivial 
representation at Xo. Let t and g be arbitrary functions in L(X} with 
I(xo)=g(xo). Define In EL(X) by 
In= [(/+ lin) i\ g] v (f-lln). 
Since In=tl and cp(/n)=cp(g) (from Lemma 2.3), we conclude that 
cp(/) = cp(g). 
We can now show 
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Theorem E: The lattice automorphism (): L(X) --+ L(X) is not 
distinguishing if, and only if, there is a point Xo E X such that the real 
lattice homomorphism, defined by 
q;(f) = (()(f) )(xo) for every IE L(X), 
does not have a (*)-representation. 
Proof. We establish sufficiency by contraposition. Suppose that 
() : L(X) --+ L(X) is a distinguishing automorphism. Then, if In =t I for 
{In} and I in L(X), then ()(fn) =t ()(f). In particular, (()(fn))(x) --+ (()(f))(x) 
for any x EX. Consequently, q;x EifJ, defined by q;x(f)=(()(f))(x) is a 
continuous homomorphism onto R. It follows from Lemma 4.3 that q;x, 
for any x E X, has a (*)-representation. 
Conversely, suppose that () : L(X) --+ L(X) is not a distinguishing auto-
morphism. Then, from Lemma 4.1 there is a sequence {f n} and a function 
I in L(X) such that In =t I, but not ()(fn) =t ()(f). Again, it is no restriction 
to suppose that h > h> ... > In> ... so that there is a point x' such 
that not (()(fn))(x') --+ (()(f))(x'). Hence, q;(g) = (()(g))(x'), for each g E L(X), 
is a homomorphism onto the reals which is not continuous. Applying 
Lemma 4.2, we conclude that q; does not have a (*)-representation. 
We remark that there are spaces whose lattices of continuous functions 
admit non-distinguishing automorphisms. Consider the following example 
given by KAPLAN SKY in [2]. Let X = (IN, the Stone-Cech compactification 
of the natural numbers N. Define () : L(X) --+ L(X) for each IE L(X) by 
) 
I(n) , if l(n)<,O; 
(()(f))(n)= n/(n) ,if O<,/(n)<,l/n; 
l+/(n)-l/n, if l/n<'/(n). 
The details of the verification are straight-forward (consider I, g E L(X) 
with I(n) = lin and g(n) = 0 for n EN). 
To consider a more complete representation for the class ifJ, one might 
consider an iteration of the construction that was given in Section 3. 
That is, let iX, (J be nondecreasing real-valued functions defined on the 
reals, and let X, X o, and (JXo be as before. For any I E L(X), iX 0 I is 
continuous on Xo and, thus, admits a continuous extension I! : (JXo --+ R. 
Furthermore, if X' = (JXo and X o' = ((JXo, %1), where %1 is the discrete 
topology on (JXo, then (J 0 I: is bounded and continuous on X o' so that 
it admits a continuous extension (f!); : (JXo' --+ R. Then, for q E (JXo' 
we can define q;::*/X.p : L(X) --+ R by 
for each I E L(X). 
If a homomorphism has a representation of this form, let us say that it 
has a (**)-representation. 
It is clear that every homomorphism with a (*)-representation also 
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has a (**)-representation. It remains to investigate whether there is a 
homomorphism, defined on L(X), which has a (**)-, but not a (*)-, 
representation. This and other questions concerning the (**)-representation 
and its relation to the (*)-representation will be investigated in a future 
paper. 
(University Park, Pennsylvania) 
REFERENCES 
1. KAPLANSKY, I., Lattices of continuous functions, Bull. Amer. Math. Soc. 53, 
617-623 (1947). 
2. Lattices of continuous functions II, Amer. J. Math. 70, 626-634 
(1948). 
